We introduce a new method which gives an easy computation of the Chern classes of F-equivariant bundles on the zero set of the holomorphic vector field F. By using this method we obtain the theorem of Riemann-Roch and Hirzebruch for V-equivariant bundles from the holomorphic Lef schetz fixed point formula in case V has arbitrary isolated zeros.
Introduction. For a given holomorphic vector field V on a complex manifold X, a holomorphic vector bundle E->X is said to be F-equivariant if there exists a C-module homomorphism V: O X (E) -> O X (E) such that V{fs) =V(f)s + fV(s) where /(resp. s) is a local section of X x C(resp. E). The importance of F-equivariant bundles comes from the fact that Chern numbers of such bundles are determined on the zeros of F.
In §1, we give cohomological and geometrical obstructions for a holomorphic vector bundle E to be F-equivariant.
In §2, the holomorphic Lef schetz fixed point formula for the arbitrary isolated fixed points is stated. A generalization of a theorem of N. R. O'Brian [6] is given.
Finally we show how the theorem of Riemann-Roch and Hirzebruch can be obtained naturally from the holomorphic Lefschetz fixed point formula via holomorphic vector fields. This paper is a portion of the author's Ph. D. thesis. The thesis was written under the direction of Professors James B. Carrell and Larry Roberts at the University of British Columbia. The author would like to take this opportunity to thank Professors Carrell and Roberts for their help and guidance. 1* Equivariant vector bundles* Let X be a complex manifold, and let V be a holomorphic vector field on X. A holomorphic vector bundle E -> X is said to be F-equivariant, if there exists a C-module
If V is a F-derivation on E, then it induces naturally a Fderivation V on O P{E) where P(E) -> X is the bundle of protective spaces associated to E -> X and O_ P{E) is the sheaf of holomorphic functions on P(E). Conversely it is not hard to see that any F-
Let σ: C x X -•> X be a 1-parameter group of automorphisms of a complex manifold X, i.e., σ is a holomorphic map and the map C-> Aut (X)£ ->σ t is a group homomorphism where o t {x) = σ(£, #) and Aut (X) is the group of all holomorphic diffeomorphisms of X. DEFINITION (ii) for ίeC and xeX, the map σ t (x): E x -> E σtix) is C-linear. We call such a 5, a σ-equivariant 1-parameter group of automorphisms of E. Such a σ induces naturally a 1-parameter group of automorphisms of P(E) commuting with σ, and conversely any such 1-parameter group of automorphisms of P(E) is obtained from a σ-equivariant 1-parameter family σ of E, because Aut (P n ) ~ PGL %+1 = GWC* I +1 .
Let V be a holomorphic vector field on a compact complex manifold X induced from the 1-parameter group of automorphisms σ: C x X->X of X, i.e., (
iii) There exists a hermitian metric h on E, such that i v {Θ) = d(L) for some differentiable section L of Horn (E, E) over X, where θ is the canonical curvature matrix associated to h and i v is the contraction operator.
Proof, (i) => (ii). If E is σ-equivariant, then we have a σ-equivariant 1-parameter family σ of E. Now for each t e C we have a C-module homomorphism σf:
and
where /(resp. s) is a local section of X x C(resp. E). Therefore E is F-equivariant. Such a V is called F-derivation induced from σ.
(ii) ==> (i). This is the existence of the solution of a linear unvalued differential equation, and it can be seen as follows. Let V be a F-derivation on E; then V induces naturally a F-derivation V on O P{E) , i.e., a holomorphic vector field V on P(2£). Let σloe the 1-parameter group of automorphisms of P(E) generated by V which exists because P{E) is compact. Now σ commutes with σ because V is a F-derivation, Therefore, there exists a <7-equivariant 1-parameter family σ of E inducing σ on P(E), hence E is tf-equivariant. In fact V is the F-derivation of E induced from σ.
Since (ii) <=> (iii) by a theorem in [4] we have the claim.
Examples of F-equivariant bundles:
(i) TX, the holomorphic tangent bundle of X, is F-equivariant for any holomorphic vector field F on X.
The Lie derivation [F, •] in the direction of F is a F-derivation on TX. Hence TX is F-equivariant. In fact, if X is compact and σ is the 1-parameter group of automorphisms of X generated by F, then [F, •] is the F-derivation induced from σ t -dσ t1 where dσ t is the differential of σ t .
(ii) The Universal bundle and the Universal quotient bundle on Grassmannian manifold G k , n are F-equivariant for any holomorphic vector field F on G fc>w .
This follows from the fact that any 1-parameter group of automorphisms of G k , n is induced from an element A e gl n and such an action can be lifted naturally to the Universal bundle and the Universal quotient bundle. See [1] for more details.
(iii) If H\X, O Σ ) = 0, then any line bundle L on X is Fequivariant for any holomorphic vector field F on X. This follows from the condition (iii) in the theorem via Horn (L, L) = O x .
REMARK.
The theorem above is very usefull to compute the Chern classes of F-equivariant bundles on the set of zeros of F. Some computations have been done in [1] by using above method.
2* Riemann-Roch-Hirzebruch theorem for equivariant bundles* Let E -> X be a holomorphic vector bundle on a compact complex manifold X. Then a holomorphic geometric endomorphism of E consists a pair (/, φ) where f:X->X is a holomorphic map and φ: f*E'-> E is a holomorphic bundle homomorphism. Such a geometric 286 ERSAN AKYILDIZ endomorphism (/, φ) of E induces f unctorially a C-linear endomorphism H\f 9 φ) of H k (X, O X {E)) for each k as it is defined in [7] . Let z 19 , z n be local holomorphic coordinates centered at the isolated fixed point p e X of /: X-> X. Then on a small neighborhood N(p) of p in X, the only common zeros of the functions
, n is 0 = (0, , 0), where f\z) = z^f for i = 1, , n. Let
v,(f, Φ, E) = Res^^^fg^J jŵ
here φ(z) is the matrix representation of φ on iV( p) and Res^ is the Grothendieck residue symbol. If the fixed point set X f of f:X->X is finite, then by [7] , the Holomorphic Lefschetz fixed point formula can be stated as
Let Fbea holomorphic vector field on a compact complex manifold X, induced from the 1-parameter group of automorphisms σ of X, and let Fbea F-derivation induced from the σ-equivariant 1-parameter group of automorphisms σ of a holomorphic vector bundle E -»X. Then for each teC, we have a bundle isomorphism ar 1 : E -> (σ^yΈ. By taking the pull-back relative to σ t :X^X, we obtain a bundle isomorphism 0 t = (^Γ 1 )*: σ*E ~> E. Hence we have a natural geometric endomorphism (σ t9 φ t ) of JE7 for each teC.
If p is an isolated zero of F, then p is an isolated fixed point of σ t at least for small values of \t\, hence v p (σ u φ t9 E) makes sense at least for small values of \t\ 9 say in a neighborhood W of 0 e C. Now we will compute v p (σ t9 φ t9 E) for teW. where the functions on the right-hand side should be regarded as standing for the corresponding power series expansion. Both Gh (E, z, t) and Td (z, t) holds for all teC. Therefore the singular parts of v p (σ t , φ t , E) must cancel out as we sum over p G Z, and the constant term must add up to the left member at t = 0. But for t -0, φ t = id, hence the left member of (1) reduces to Σ? (-l)Mim-IP(X, O X {E))\ = X{O X (E)). By Theorem 2.1. and the algorithm for the Grothendieck residue in [2] , it is easy to see that the constant term of v p (σ tf φ tf E) is equal to
where Ch (E, z) Td (X, z) = the coefficient of t n in the power series 288 ERSAN AKYILDIZ expansion of Ch (E, z f t) Td (z, t) around t = 0. Hence we get
Now the right-hand side of (2) (X, Ω n ) given in [1] or in [5] , we get the theorem of Riemann-Roch and Hirzebruch for Vequivariant holomorphic vector bundle E.
REMARK.
Via this method, R. Bott has obtained in [3] the theorem of Riemann-Roch and Hirzebruch for the trivial line bundle. It is this beautiful work of R Bott, who let us study this subject. It would be interesting to obtain the above theorem for the meromorphic vector field.
